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Growth Experience in the United States 
and a Neo-classical Growth Model* 
Takao Fujimoto 
1. Introduction : Stylized Facts New and Old 
Among economists, opinions are not unanimous concerning the Great 
Ratios of economics. Can we say that the capital-output ratio has been 
fairly constant during this century so far? How about the saving-income 
ratio or labor's share of income, do they show any significant trend? The 
constancy of the capital-output ratio stil remains a rather controversial 
reading of the data (See Solow (16〕）・ Andon the income distribution, 
Kravis〔認〕 madea complaint that there had been a tendency to explain 
away evidence of a rising labor share and to regard division of income 
between labor and capital as having remained constant. Kennedy and Thirl-
wall has also made a review that while some writers continue to accept 
the broad constancy of distribution shares as a fact requiring explanation, 
there is growing evidence, Kravis〔認〕， Feinstein〔⑰， ofa tendency for 
labor's share to increase (See (8〕）．
Klein and Kosobud (1幻 gavea summary for these trends depending 
* Iam much obliged to Professor Morishima for much stimulus and suggestions 
he gave me on an earlier draft of this note. This is also a revion of my note 
(8). Thanks are also due to Mr. C. Ohbayashi who made computer calculation 
in Section 4. 
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mainly on Kuznets'and Kendrick's studies. They may be resummarized as 
follows: in the United States over the period from 1900 through 1953, 
(1) the savings-income ratio is on a declining trend; 
(2) the capital-output ratio is on a declining trend at about 2/3 of I per 
cent annually; 
(3) the capital-labor ratio has a rising trend; 
(4) the rate of profit is on a declining trend; 
(5) labor's share has no significant trend. 
We can compare the above summary with 1958 Kaldor's'stylized facts'〔10〕
(he put six stylized facts but here I rewrite some of them to make it easy 
to compare them with Klein-Kosobud's). 
(i) the savings-income ratio has no significant trend; 
(i) the capital-output ratio has no systematic trend, either; 
(i) the capital-labor ratio is on a rising trend; 
(iV) the rate of profit has a horizontal trend; 
(V) labor's share has no significant trend. 
We may say that there are significant differences between them. There 
have been, however, a good number of analyses of economic growth models, 
existence of steady balanced growth and its characteristics, to explain Kaldor's 
'Facts'. 
In this note, we regard the Klein-Kosobud's results as new'Facts'about 
the U. S. economic growth, and examine whether it is possible to give a 
picture, though rough one, for the actual growth experience summarized by 
them, using a one-sector neo-classical growth model. This investigation is 
made in Sections 2 and 3. Subsequently in Section 4, a numerical example 
is presented to illustrate the analytical set-up in Section 3. Section 5 is to 
suggest a possible application of our approach to the analysis of growth 
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pattern experienced by the United Kingdom during the period 1953-63. 
2. Technical Progress and Steady State 
First, we have to face the problem of technical progress. It is assumed 
in this note that technical progress is of factor augmenting type. But then, 
it is well known that if there is capital-augmenting technical progress and 
the elasticity of substitution is not unity (i.e. non Harrod neutal), a constant 
saving-income ratio and a constant capital share are incompatible, thus there 
cannot be a steady state (See (9〕゚ r(17)). However, in a recent paper〔心
Chilosi and Gomulka have shown that steady state is possible for a class of 
technical progress types which is wider than the class of Harrod neutral 
type. In so doing, the notion of steady state has been extended (or modified), 
victimizing the constancy of capital share. Their state has the following 
features. 
1. the saving-income ratio is constant (by assumption); 
2. the capital-output ratio is constant (by definition of steady state); 
3. the capital-labor ratio increases; 
4. the rate of profit increases; 
5. labor's share decreases. 
Note that the above features 2 and 4 imply the prevalence of capital-using 
innovations. Their challenge to the conventional wisdom is quite interesting 
but it is also evident that the above features are in contrast with those put 
forward by Klein-Kosobud. 
The'Facts'now makes it necessary to give up inspecting characteristics 
of long-run steady state in one-sector neo-classical models. Instead, we had 
better examine full employment time-paths in more details, its time scale 
and trends of Great Ratios, on the way to long-run steady state. And 
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then,looking at Klein-Kosobud's facts (1) and (2), we realize the constant 
saving-income ratio hypothesis is to be given up. One simple alternative is 
the classical saving-function, which we shall adopt in the rest of this note. 
3. Model and Its Working 
Thus our model is written like this: 
Y =F(ea t K,eb t L), 
G=K/K=s-aF/aK, 
where Y is the national income, K the capital stock, L the labor employed, 
a the rate of capital augmenting technical progress, b that of labor augment-
ing one and s the saving-ratio out of profits. A dot over a letter denotes 
time derivative. We assume that a>O, b>O and l>s>O. 
For this kind of model, essential mathematical analysis has been done 
by Phelps-Drandakis (1心 andAtkinson C幻． Theyhave shown that 
(1)｛ E= 1:心(n+b_1口；¢a-G)， 
¢ 1-a 
小
=(1-雀）（n+b-a-G),o• 
whereゅisthe capital share and a is the elasticity of substitution, n the 
rate of increase in labor force. For the derivation of this system of differ-
ential equations, see①,  C幻，〔6〕,or(14). Note that the saving-ratio does 
not appear in the equations. We assume that l>a>O, the case which 
Arrow-Minhas-Chenery-Solow regard as interesting in② .David-Klundert 
〔5〕estimatedthe elasticity as a= 0. 32, using the same kind of model as 
ours. Kravis'historical elasticity in〔認〕 isO. 64. For the sake of simplicity, 
we assume that n and a are constant on time-paths of economic expansion, 
thus implying the producton function F is of the CES type. 
We use one of the figures drawn by Atkinson C幻 asour Fig. 1, adding 
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some curves and explanations. In Fig. 1, the points (0, G*), (O, O) and 
(0, 1) show equilibria for the system (1), where G*=n+b-(1-a) a. And 
the point (0, G*) is globally stable provided that the initial value is not 
(0, 0) or (0, 1). By stability, it follows that given any initial values, K。
and L。,forwhich the capital share is not zero or unity, there is a t* such 
that for ts (t*, oo),ゆ isdeclining and G*—芦G~G* ＋刀， where 刀＝ min
{(1-a)a, aa}. (The symbol ts(t*, oo) means that a calendar time tis 
included in the period (t*, oo)). 
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On the other hand, concerning the rate of growth in the national 
income we have 
r声 Y/Y疇 (a+G)+ (1一ゆ）（n+b),
a convex combination between n+b and a+G. Thus, it follows that 
if G<(3（¢), then I'>G, where (3 （小）苧n+b+~a.
¢ 
1一ゆ
Also put a=n+b-a, andこ（小）与n+b-
1-(Jー小
1-¢ 
a. We have 
if G=a, then炉＝0,and 
if G＝こ（小）， thenG=O. 
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Since a>O and l>a>O, we obtain 
0（小）＞（（小）＞a,for 0二ゅニ1.
These curves are depicted in Fig. 1 above. 
Since Atkinson〔幻 hasshown that the capital shareゅfallsrather 
slowly under various circumstances, we can find a fairly large number T such 
that during the period (t*, t*+T) the increasing rate of capital stock, G, 
and that of output, I', remains almost constant. Such a state may be called 
a'quasi steady state'(See a numerical example in the next section). 
Now we list up the features of our quasi steady state, adding two more 
assumptions. 
(1) the savings-income ratio is on a declining trend (for, the savings-
income ratio is GK/Y and K/Y is falling, while G has no significant 
trend, see the next (2)) ; 
(2) the capital-output ratio is on a declining trend (for, I'>G because 
G<[3(cp) by the definition t* andが；
(3) the capital-labor ratio is on a increasing trend (here, we make an 
additional assumption that b>a, i. e., the rate of labor-augmenting 
technical progress is greater than that of capital-augmenting one, then 
G>n for the period (t*, oo)); 
(4) the rate of profit is on a slightly decreasing trend (we assume addi-
tionally that G is declining after t** as an example path shows in Fig. 
1, then the rate of profit, G / s, is also declining after t**, but at a 
insignificant rate (if t**>t*, then redefine t* as t**)); 
(5) the labor's share increases (for the capital share decreases after t*). 
Klein-Kosobud's item (5) is the only one which is quite different from our 
(5). In fact、Klein-Kosobud'sitem (5) is found inconsistent with their items 
(2) and (4) (such a discrepancy is likely to result if each Great Ratio is 
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estimated from independent statistical sources). Needless to say, this incon-
sistency may be removed if their item (5) is replaced by our increasing labor's 
share. Since their constancy of labor's share is brought about by combining 
the whole of self-employed income with wage and salary income, our 
replacement is not arbitrary but may be reasonable (See Kravis (13, p. 923〕）．
As for the real wage, w, we have 
切／w={ab―<p(n+b-a-G)}/<J， 
using the identity l-cp=wL/Y. Thus, it is easy to see that 
if G>n+b-a, then砥＞〇．
That is, the real wage is increasing after t*, accordingly in our quasi steady 
state. 
4. Numerical Example 
In this section, a numerical example of'quasi steady state'is represented, 
using a discrete-time model analogous to the above continuous one. Namely, 
we have the following system of equations. 
(2)@+□r=｛；（tA十心:,戸＋（1-0)(Bみ）一P}一l/p'
ふ＝srtKt,
rt=aYt/aKt, 
where At=CI+a)t, Bt=CI+b)t, Lt=CI+n)t, other symbols being used in 
the same way as in the preceding section. 
A numerical example is presented as Table 1 below. In this example, 
the parametric values are: r=0.2, o=0.5, p=l(a=0.5), a=0.01, b=0.02, 
n=0.015, s=0.25, K。=1,L。=1. The lines in Table 1 are printed out 
every tenth year. Normalization as in K。=1and L。=1does not damage 
he validity of the above example. Sensitivity analyses through changing 
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Table 1 : A NUMERICAL EXAMPLE OF QUASI STEADY ST A TE 
Year Saivnicnogm-e I  Caropuitiapo lu-t I Calpaibtaolr - Rpatre ofiot f I Cashparite al G I' 
rati． o ratio 
゜
0.125 5.000 1.000 0.100 0.500 0.025 0.035 
10 0.124 4.549 1.115 0.109 0.498 0.027 0.036
 
20 0.122 4. 184 1. 269 0.117 0.490 0.029 0.037 
30 0.119 3.882 1.469 0.123 0.478 0.031 0.038 
40 0.116 3.630 1. 723 0.128 0.463 0.032 0.038 
50 0.111 i 3.413 2.038 0.131 0.445 0.033 0.039 
60 0.107 3.225 2.427 0.132 0.427 0.033 0.038 
70 0. 102 3.058 2.899 0.133 0.407 0.033 0.038 
80 0.097 2.906 3.468 0.134 0.388 0.033 0.038 
90 0.092 2.766 4.149 0.133 0.369 0.033 0.038 
100 0.088 2.636 4.962 0.133 0.351 0.033 0.038 
110 0.083 2.514 5.925 0.132 0.333 0.033 0.038 
120 0.079 2.398 7.065 0.132 0.316 0.033 0.038 
130 0.075 2.288 I 8.411 0.131 0.300 
0.033 0.037 
140 0.071 2.183 9.995 0.130 0.284 0.033 0.037 
values of parameters tel us that the basic features of the example remain 
the same. That is, in our example, we can say that during the fifty years 
period (80, 130), our economy is in a quasi steady state and its characteristics 
are quite similar to the trends of Great Ratios in the U. S. growth experience. 
5. Application to the Recent Growth Experience in the 
United Kingdom 
The preceding analysis is for a very long-run, say half a century. And 
the saving ratio out of profits is assumed to be more or less constant for 
that long period. However, we can imagine a case in which the saving ratio 
is continuously increasing or decreasing, thus affecting directly the rate of 
growth of capital. 
Recently, Sargent (15J tried to give explanation for the recent growth 
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experience of the United Kingdom during the period 1953-63. In his paper, 
he raises three characteristic trends; that is 
(S 1) the rising share of gross fixed investment in the gross domestic 
product; 
(S 2) th e rising capital-output ratio; 
(S 3) the falling share of profits. 
Sargent used a vintage model, which consequently includes a lot of cumber-
some manipulation of equations and inequalities. We can give an alternative 
'explanation', making use of our simple neo-classical one-sector model. 
Namely, al we have to assume additionally is that the saving ratio from 
profits, s, has been rising for some possible reasons (See Sargent〔応〕）． For
the sake of simplicity. suppose that s/s=q, where q is a positive constant, 
for the decade. Then we have 
G 1-¢ 1-a-¢ =q+~(n+b-~a-G), 
G a1-¢  
り／¢ is the same to that of the system (1) in Section 3. We can also show 
if G＝こ＊（¢),then G=O, whereこ＊（¢)=n+b-~a+(Jq. 
1-¢ 1-¢ 
G‘Ì／ ／ //  ヽ~
ヽ
ー
／¢
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Thus, if q is sufficiently large, the curve G=(*(cp) enters into the region 
where I'<G (See Fig. 2). That this situation can explain the above (S 1) 
ー (S3) is shown in a similar way to that of Section 3. 
6. Concluding Remarks 
In Section 3, if one adopts the over-all saving-income ratio, he could 
get exactly the same results provided that the over-all saving ratio is assumed 
to decrease constantly. 1 am not sure whether such a polstulate is suitable 
to a very ong-run analysis. 
Also note that al our results hinge on the positiveness of capital-aug-
menting technical progress. Since in a quasi steady state the rate of profit is 
more or less constant and the capital-output ratio is falling, we are allowed 
to say that capital-saving innovations in the Harrod sense are prevailing. 
As the last remark, it may be added that one should not be surprised 
at the coincidence of Klein-Kosobud's growth summary with the features 
of our quasi steady state. We know that an actual path is on and off full 
employment courses and such a coincidence could occur in some other simple 
models with a sufficient number of parameters so long as they are intended 
to explain some trends. In this note, I only show a possibility of giving 
a rough picture to actual growth experiences in a simple neo-classical 
framework. 
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